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An iteration-perturbation approach is suggested which enables the calculation of the binding 
energy and equilibrium lattice parameters of non-metallic crystals. Making use of the single-
band-gap model, the selfconsistent Schrödinger equation can be solved in terms of the effective 
matrix elements, W(gYs, which, in general, satisfy the set of nonlinear equations. The latter are 
solved for those reciprocal lattice vectors g for which the perturbation theory requirements are 
violated. Since the matrix elements of ion-electron interaction are not small for some g's the 
screening of all the interactions in the crystal is not linear. The exchange-correlation contributions 
both in the screening and in the total energy are accounted for by means of the Kohn-Sham 
density-functional-formalism. A charge transfer is shown to result in excluding part of the 
electrons from the screening processes. The theory allows also for the possibility of a strongly 
non-homogeneous electron density distribution in the crystal. 

The results of the calculation for magnesium hydride MgH2 are presented in paper II. 

1. Introduction 

The concept of "covalency" comes from chem-
istry and means first of all directedness of inter-
atomic bonds. In a crystal it acquires the negative 
meaning of "non-metallicity". An illuminating 
approach to crystal covalency has been developed 
within the framework of the pseudopotential 
theory, or, to be more exact, its generalization. 
From the point of view of this theory "metallicity" 
means central and pairwise interatomic interaction, 
additivity of spherical pseudoatoms, etc., that is 
those features which follow from the perturbation 
theory in pseudopotentials if restricted to second-
order terms. On the other hand, multi-ion inter-
actions (corresponding to higher order perturbation 
theory) are responsible for the covalency effects. 
The problem of covalent bonding probably first 
arose in the pseudopotential theory when attempts 
were made to describe the electronic and atomic 
properties of elemental and compound semicon-
ductors. We shall not focus on a discussion of the 
numerous works concerning crystal covalency. As 
a whole, the problem has been comprehensively 
discussed by Heine and Weaire [1]. For more details 
cf. the review papers and books [2—5]. 
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It is important, that the covalency as a physical 
phenomenon is connected with a rather strong non-
homogeneity of electron density distribution in a 
crystal. The non-homogeneity is especially strong 
in a semiconducting or an insulating crystal when 
the Jones zone (JZ) exists with Fermi surface 
vanishing on its boundaries. In these cases only the 
states inside the zone are occupied and the com-
pensation of the contributions of "bonding" and 
"antibonding" states, characteristic of metallic 
behaviour, does not happen. The standing waves 
of electronic density arise as a result of electron 
Bragg scattering on the JZ faces. From a micro-
scopic point of view, the electron distribution non-
homogeneity results as well in nonlinear screening 
of all the interactions in the crystal. Phillips' 
"bonding charges" (see, e.g. [4]) are just the mani-
festations of the latter. On the other hand, the 
electron non-homogeneity of course originates from 
the peculiarity of the ion-electron interaction. For 
example, the charge transfer resulting in the 
bonding charge formation in Si would be impos-
sible, were not the electrons strongly attracted just 
into that area between two Si-ions. In the diamond 
structure the IF (111) pseudopotential matrix ele-
ment is responsible for Such an attraction (see, e.g. 
[1]). The existence of at least one "strong" pseudo-
potential matrix element is a typical feature of a 
covalent crystal. From the point of view of the 
pseudopotential theory the reason is rather clear: 
covalent crystals have as a rule complex crystal 
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lattices with more than one atom per primitive 
cell. The volume of the latter is larger, while on the 
other hand, the volume of the corresponding 
Brillouin zone (BZ) is less than those for metallic 
crystals. As a result, the smallest reciprocal lattice 
vectors g happen to he in the wave number region 
to the left of the first pseudopotential formfactor 
node (for the simplicity we restrict ourselves to 
local pseudopotentials only), where the pseudo-
potential matrix elements W (g) are not small in the 
sense that 

W{g)lef 1 (1) 

(£F is the free electron Fermi energy) does not hold, 
and the simple second-order perturbation theory 
breaks down. The same situation arises in alloys, 
when a crystal undergoes an order-disorder trans-
formation. Below the phase transition temperature 
an ordered phase appears with the smallest super-
structure wave vector being situated just in the 
region, where (1) does not hold (see, e.g. [6—9]). 

Fortunately, sometimes TT(g)'s (say IT (111) in 
the diamond lattice) happen to be in the second 
order of perturbation, comparable to the other 
IF(g)'s in first order, i.e. 

W(g) 
£ F 

W(g) 
£ F 

(2) 

The latter means that in order to account for the 
W (g) contributions one has to go beyond the second 
order of the perturbation theory and incorporate 
the corresponding contributions of the third and 
fourth orders. For the diamond-type lattices the 
latter results in obtaining the correct values of 
both the band gaps at point X of the Brillouin zone 
[10] 

Gap — 2W (220) + 2 
TF(111)|2 

-1(110)2 --1(001)2 

and the binding energies and relative structure 
stability (e.g. [7, 11]). However, the fortunate 
relation (2) is, perhaps, an accidental one in the 
sense, that there exist crystals in which it does not 
hold and the approach of the perturbation theory 
obviously fails. 

An example are, perhaps, metal hydrides. The 
"bare" potential of a hydrogen ion in a crystal has 
to be purely coulombic with no "pseudising" and 
is therefore "strong" from the pseudopotential 
point of view. The calculations of binding energies 
of hypothetic metallic hydrogen crystals have 

shown the necessity of accounting for higher order 
perturbation theory contributions. But the incor-
porating of only the third order ones does not seem 
to be sufficient in comparing the relative crystal 
stability (see, e.g. [12]). Hydrogen ions in com-
pounds like metal hydrides also have to contribute 
appreciably to the total crystal potential (or pseudo-
potential), resulting in a violation of both the condi-
tions (1) and (2). 

In such a situation, the question arises: If one 
has to apply higher order perturbation theory is 
perturbation theory still valid at all ? This sceptical 
question is not entirely unreasonable. In principle, 
the systems with strong electron-ion interaction 
are already within the realm of tightbinding meth-
ods like LCAO. In the present work, however, the 
attempt is made to develop an approach which may 
be called an iteration-perturbation one, and which 
would enable to consider crystals with strong ion-
electron interactions (of course, there must not be 
too many "strong" pseudopotential matrix ele-
ments). In paper II the calculation of binding 
energy and equilibrium lattice parameters of 
magnesium hydride will be performed within the 
framework of this approach. 

The plan of the present paper is as follows: Sec-
tion 2 considers a formal solution of the Schrödinger 
equation for a perfect crystal and presents the 
basic nonlinear equations for an effective matrix 
element W(g). In Sect. 3 the single-band-model is 
introduced and the energy gaps are determined. 
Section 4 deals with the selfconsistency and non-
linear screening. The expressions for the electron 
density and its Fourier-transform are obtained and 
the Hartree screening field is discussed. Section 5 
considers the exchange-correlation contribution to 
the screening field and the total energy using the 
Kohn-Sham density-functional formalism (DFF). 
Section 6 describes the procedure of the selfcon-
sistent calculations of the potential matrix ele-
ments and the total energy. In Sect. 7 the im-
portant functions of the theory are determined. 
Section 8 — concluding remarks. In App. 1 and 2 
a mathematical approximation and the evaluation 
of some integrals are presented. 

2. A Formal Solution of the Schrödinger Equation 

We shall consider a perfect crystal with a trans-
lational periodicity in which an electron at a point 
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'feels" the field: 

JF(r) = 2 > ( r - K ) . 
{R} 

(3) 

Here {R} is the set of Bravais lattice vectors, but 
the crystal under consideration may have more 
than one atom per unit cell, w(r — R) being the 
potential of the unit cell "belonging" to the Bravais 
lattice site R. 

The Schrödinger equation for an electron in the 
crystal reads: 

( - \ A + W ( r ) )
W k

( r ) = E
k
t p

k
( r ) . ( 4 ) 

Here if
k
{r) and E

k
 are respectively the wave (or 

pseudowave) functions * and energies corresponding 
to a wave vector quantum number k**. We will be 
using the extended zone scheme; then k may take 
all the quasicontinuum values allowed by periodic 
boundary conditions: the "cyclic" crystal has the 
total volume Q = QQN, where QQ is the volume of 
the unit cell and N is the number of unit cells in 
the crystal. At absolute zero temperature, of course, 
only the lowest energy states are occupied; corre-
sponding k's filling the volume enclosed by a Fermi 
surface (FS) (which is not supposed to be spherical) 
or a JZ. 

Now, let W(r) be a selfconsistent potential (or 
pseudopotential). Then 

W{r) = PF<>(r) + JFscr (r), (5 ) 

where TF°(r) is the "bare" potential of the crystal 
and PFscr(r) is the screening potential including 
both the direct coulombic and exchange-correlation 
contribution. According to the Kohn-Sham den-
sity-functional formalism (DFF) [13], JFscr(r) is a 
function of the (selfconsistent) electron density (or 
pseudo-density) distribution 

0(r) = 2 > * ( r ) | 2 . (6) 

Here, as everywhere throughout the paper 2 means 
k 

the summation over all the occupied electron states 
within the true FS or JZ, including the spin factor 2. 

* Throughout the paper we will be using the terms 
"wave function", "electron density", "potential", rather 
than "pseudowave function", "pseudodensity", "pseudo-
potential", since the theory is, in principle, applicable also 
when there is no "pseudizing" of ions. 

** We use the atomic units throughout. 

It is easy to write the formal solution of the 
Schrödinger equation (4). It reads (see, e.g. [14]) 

E
k
- E °

k
= 2 ' a

k
( g ) W * ( g ) , ( 7 a ) 

g 

y>
k
(r) = \ k > + Z ' a

k
( g ) \ g - k > . ( 7 b ) 

( E
k
- E °

g
_

k
) a

k
( g ) 

= W { g ) + J ; a
k
{ g ' ) W * { g - g ' ) (7 c) 

Here | fe) = ( l /ß 1 / 2 ) exp(ifer) is the plane wave, 
E°

k
 = \k

2

 is the free electron energy and 

W ( g ) = <k +
 g

\ W ( r ) \ k y 

= fd3rJF(r)e l '« r 
(8) 

is the matrix element of the potential. Since we 
restrict ourselves to local potentials, the matrix 
element is simply the Fourier transform of the 
potential. The summation is performed over the 
lattice sites g, g' of the reciprocal lattice corre-
sponding to the Bravais lattice {R}. The zero of 
energy is chosen to be equal to be W(r)|At> 
= W(g = 0). Let us introduce 

W
k
( g ) = ( E

k
- E °

g
_

k
) a

k
( g ) . 

Then (7) take on a more symmetric and, in a sense, 
more familiar form: 

F v
 W

k
( g ) W * ( g ) 

, W
k
( g ) 

El JpO 
g k E g —

k 

(9a) 

! * - * > . (9b) 

Now both, the energy E
k
 and the wave function 

y)
k
(r), are expressed by means of an "effective 

matrix element" W
k
( g ) , which satisfies (9c). At 

the same time, the three Eqs. (9) are coupled, since 
in the denominators the total energy E

k
 enters, and 

both W and W depend on electron density distri-
bution, Q(T) (see (6)), through the screening poten-
tial. 

Equations (9) are still precise: no approximation 
has been introduced until now. (9) could also be 
obtained within the so-called "Modified Iteration-
Perturbation Approach" (see (9.1.89), (9.1.90) [15]). 
One has only to introduce additionally: 
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Wu(g) = w{g) + 2 ' g'*g 
W(g')W*(g-g') 

Eu - El. 2 
W(g")W(g"-g')W*{gr-g) 

+ .2 
g *gg 

g"*g\g"' 
g"'*g",g 

and then, by "summing up" the infinite series to 
obtain (9c). Note, that by substituting (10) into 
(9 a, b) one arrives at the infinite series which differs 
from the traditional Brillouin-Wigner perturbation 
series (see, e.g. [16], Chapt. 3), in that now the zero 
of Ek is taken to be equal to the diagonal matrix 
element, PF(g = 0), and all the diagonal matrix 
elements are excluded from the series. 

Now, if one neglects the sum on the right-hand 
side of eq. (9 c) and puts Ek = E°k in the denomina-
tors, one immediately gets the familiar second-
order perturbation theory expression for Ek and 
the first order one for ipk(r). 

One can also solve (9 c) by iterations. After the 
first iteration, again putting Ek — Ek (which is 
equivalent to keeping the terms of only second 
order in W), one has 

wk(g) = w {g) + 2 

' {Eu - 4 " - * ) - K'-*) 

W(g"') Wjg"' - g") W(g" - g') W*(g' - g) 
(Ek - k) (Ek - E°g.._ k) (Ek - E°s_ k) ' 

(10) 

g'*g 
jrO jrO 

This expression was first used by Pryce [17] and is 
usually obtained by systematically diagonalizing 
the full Hamiltonian matrix H (g, g'). Within such an 
approach, (10) was used for explaining the band 
structure in semiconductors [10]; we cited in the 
Introduction the expression for the energy gap 
from this work). 

If, however, there are some "strong" matrix 
elements W, the simple iteration approach may 
happen to be unsatisfactory. We wish instead to 
introduce a different approximation. 

First of all we want to get rid of the /c-dependence 
in Wk{g). In [10] and other works on semiconduc-
tors the latter is achieved by just assuming k to be 
the center of the JZ face, corresponding to the 
vector g. Since we are interested in calculating the 
total energy, i.e. the contribution of all the k-
states, it is perhaps more reasonable to average 
Wk (g) over all the occupied states. To be more 
exact, we want to substitute a fc-independent W (g) 
for Wk(g) with the requirement that ^ ^ 

W(g) = W(g) + 2' W(g')W*(g-g')F(g'), g'*g 

where 

F{g') = 

(12) 

Et w o ZN 2 w w® k J^k — ^g'-, 

(Z is the total number of electrons per unit cell.) 
One sees that the approximation (11) includes 

not only the averaging of Wk{g) but also "de-
coupling" another average in the sum. 

We shall also need the average: 

— 2 — ZN f (Ek 

1 
K"-k)(Ek-E<l._k) 

As will be shown in Sect. 7 and App. 2, we can 
evaluate the averages, (12) (13), and we will be 
using (13) in calculating the normalization con-
stant and the electron density distribution. 

Now, together with (11) for W (g) we have 

ft ig) W* ig) 
Ek-E°k=Z' Ek - E»> 

y>k(r) = \k> + 2' 
Wig) 

u1 jyo J^k — &g-k 

(14) 

! * - * > . (15) 

3. Evaluation of Energy 

Even if (11) for Wig) has been solved, one still 
faces the nonlinear equations (14) and (15). Let us 
first consider (14). 

In order to determine the energy Ek we shall make 
use of the so-called "Single Band-Gap Model". Near 
a Brillouin zone face, corresponding to a reciprocal 
lattice vector g, (14) approximately reads: 

{Ek - El)(Ek - E°g_k) = VHg). (16) 

The solution is very well known: 

E£ = HE°k + E°g-k (17) 
± [{Ek — E°g_k)2 + 41 F(g) |2]1/2}, 

( + ) and ( —) corresponding to the energy states 
respectively above and below the Bragg plane, 
21 V ig) | being the energy gap. 
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From a first glance at (15 a) it may seem that 

VHg) = W(g)W*(g). 

However, this would be rather a poor approxima-
tion. In semiconductors with diamond-type lattices 
it would result in wrong values of the energy gaps 
at X, because the corresponding JF(g)'s are ex-
tremely small. 

The origin of this mistake is obvious. If we return 
to (9 a) and (9 c) we readily see that, for example, 
for a given g = go there is the denominator Ek — 
Eg_k not only in the go-term in the right-hand 
side sum of (9a), but also in all the other terms 
with g resulting from the sum over g' in (9 c). 
To find the real energy gap, 2 V{g), one has ob-
viously to sum up all these contributions. The sum 
is easily seen to be: 

g'*g 

+ 2 g'*g",g"',g 
g"*g',g"',g g"'*g', g",g 

W(g')W*(g-g') 
Ek-E°g._k 

+ 2 g'*g",g 
g"*g\g 

W(g")W(g"-g) W*(g'-g) 

W(g"')W(g"'-g")W(g' 

(Ek-E°g.,_k)(Ek-E°g._k) 

g')W*(g'-g) 
(Ek - k) (Ek - E%;_ k) (Ek - k) + " (18) 

Comparing the series (18) with (10), the one that 
can be generated by iterating (9 c), one sees that 
the terms in the latter may, in principle, have two 
or more equal energy differences in denominators, 
e.g., (Ek — Eg'_k)2, while in the former they may 
not. The first discrepancy arises in the fourth-
order term and has the form 

2 
g *g>g g"*g, g' 

W(g')\W(g'-g)\2W(g"-g) 
(Ek — E°._ k)2 (Ek — EQ.._ k) 

One may hope that contributions of this kind are 
not likely to be important for the electron spectrum 
near the g-Bragg plane, since the repeating energy 
differences are not small. Thus, if we add these con-
tributions, we get 

Vk(g)2=Wk(g)Wt(g), 

and, after the averaging, 
V(g)=W(g). (19) 

This is again the result familiar from the theory of 
semiconductors. Within the second order of the 
perturbation theory it is precise since, as we have 
seen, the first discrepancy is only of fourth-order. 

Now that (16) and (17) are well defined 

(Ek - E°k)(Ek -E°g_k) = \Wg\2, (16a) 
Et = \{E?l + E?g_k (17a) 

± [{E°k — E°g_k)2 + 4 | tf (g) |2]1 / 2}, 

we may specify the procedure of solving the 
Schrödinger equation in more detail. Our final goal 
is the calculation of the total energy, E, of the 

crystal. Per unit cell: 

E = E0 + Exc+ZW(g = 0) 
+ Ec — Ee i + Ee s. 

Here EQ is the "free electron" energy, 

(20) 

(20 a) 

Z is the number of electrons per unit cell, the sum-
mation extending on all the occupied states within 
the true FS or JZ, and not the free electron sphere, 
as in the pseudopotential theory. 

Exc is the exchange-correlation energy; we shall 
be calculating it within the framework of the Kohn-
Sham DFF and discuss it later. 

Ec is the "covalent" energy, 

(20 b) 

— the energy of electron states including both the 
band structure energy of pseudopotential theory 
and multi-ion interaction contributions, corre-
sponding to higher order perturbation theory 
terms. The "zero" of the energy, ZW{g = 0), is 
written explicitly in (20). 

Eei is the energy of electron-electron interaction, 
which is accounted for twice in E c and must there-
fore be subtracted: 

Eei = t > Q o Z ' ^ t \ Q ( s ) \ 2 , (20c) 
g S" 

where Q (g) is the Fourier-transform of the electron 
density distribution (6) (see below, (25) —(27)). 
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Ees is the electrostatic energy of the point charge 
ion lattice immersed into the uniform medium of 
negative charge. We shall not be discussing this 
contribution in the present paper; its evaluation is 
straightforward if one uses the Ewald-Fuchs 
method (for the extension of the method to binary 
alloys, see [18]). Using (9 a), the expression for E c 

(see (20b)) reads: 

ec = Z'W(g) w*(g)±r2-przr N ?Ek 

= ZX'W(g)W*(g)F(g), g 

where Ek is the solution of (16 a). 

fO & ir—k 
(21) 

4. Selfconsistency: Nonlinear Screening 
Until now the wave function, (15), has not been 

normalized. Introducing a normalization constant 
C, wre obtain the electron density, (6): 

Q(r) = C Z - ^ f l + 2 R e 2 ' W ( g ) F ( g ) (22) 

+ 2'W(g)W*(g')0(g,g')e^-^r\. 
g,g' I 

(The functions F(g) and 0{g, g') were defined by 
(12) and (13). Note that the second sum in (22) in-
cludes the term with g = g'.) The normalization 
constant, C2, is obtained from the condition 

j*d3rg(r) = ZN. 
a 

Having integrated (22), one immediately gets: 

C2 = + 2 ' I W{g) \*®(g ,g)y x • (23) 

If we would restrict ourselves to the first order 
contributions in tpk(r) (and this is the case in the 
traditional pseudopotential theory), we would have 
(72 = 1, ff(g)=W(g), and the third term in (22) 
should be omitted. Then we obtain an electron 
density distribution typical of simple metals. All 
the higher order contributions could be looked upon 
as a "covalent charge''. 

Now, when C2 <. 1, we see that the first constant 
term in (22) is less than an average electron density 
in the crystal. The second term is of "fluctuating" 
nature, its average is 0. As for the third term, the 
one that gives the main covalent contribution, it 
represents a charge distribution with non-zero 
average number of electrons per unit cell. This 
number, AZ, equals: 

AZ = Z C2 2 ' I w (g) [2 0 (g, g) = Z (:1 - C2). (24) 

Thus we now have a charge transfer, the one that 
in the diamond lattice results in the arising of 
"bonding charges". Of course, the total number of 
electrons stays unchanged, and it is convenient to 
unite all the constant contributions to the charge 
distribution to obtain finally: 

Q (r) = ^ {1 + C2 2 Re 2 ' W (g) F (g) e*'1r (22 a) 

+ C2 2' W(g) U f o 0(g,g')ei<e-'">-\ . gg' f 

The expression for o(g), the Fourier transform of 
o (r), is also easily obtained from (22a): 

1 

Q(r) = 2Q(g)e-ier, 

9(g) 

(25a) 

(25b) 

ZIQ0;g = 0 (25 c) 

4 - C2 { 2 Re W (g) F (g) + 2 W (g - g') 
Uo \ 

•W*(g')0(g-g',g')y,g±0. (25d) 

Now we shall consider the problem of screening. 
The screened matrix element, W(g), is obviously 
(see (5)): 

W{g)=W°(g) + JF8cr(g), (26) 

where W° (g) and lFscr (g) are respectively the 
matrix elements of the bare lattice potential and a 
screening potential. The latter may be represented 
as 

Jfscr = wh. (g) + w™ {g) (27) 

Wa (g), the Hartree potential matrix element, is 
easily found from the Poisson equation, 

WV(g) = 47ilg2Q(g) (28) 

J^xc(g)> the exchange-correlation potential, will be 
discussed in the next section. 

If one restricts oneself for a moment to the 
Hartree approximation, one sees from (26), (28) 
and (25 c) that WH(g) does not depend on W (g) 
linearly. If the matrix elements were small, then 
all the expressions would reduce to the perturbation 
theory ones, and one would obtain 

W(g)= W°(g)le(g), (29) 

8 TT 
XÜ)> (29a) 

1 6 TT 
e(9) = l + ö-iF(g)=l 

Qod2 
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X(9) = - 2 Z 

- 1 
(29b) 

As for E™{g): 

1 t 4 k 
" 8 

g + 2kF 

2 kp 

{&F= {3TZ2ZIQO)1/3 is the free electron gas Fermi 
wave vector). 

Equations (29) are the definition of a micro-
scopic dielectric function, e(g). In our theory (29) 
may be introduced only symbolically since e{g) 
would depend functionally on W (g). Such a dielec-
tric function actually does not seem to be helpful 
either for understanding nor for practical calcula-
tions. We shall not be using such a generalized e{g), 
rather solving directly the corresponding nonlinear 
equations for W (g). 

5. Exchange-Correlation Contributions 

Perhaps the most essential breakthrough towards 
an adequate description of exchange and correlation 
was achieved in recent years after the introduction 
of the DFF by Hohenberg, Kohn and Sham [19,13]; 
later the approach was generalized to a spindensity 
functional [20]. DFF provides a formally exact 
framework for treating exchange-correlation effects 
and is particularly exact in the case of slowly 
varying electron density. In this case the exchange-
correlation energy, Exc, is a local functional of q (r). 
If the electron distribution is strongly non-homo-
geneous some gradient corrections contribute to 
Exe (see, e.g. [21-23]) . 

Omitting the latter for the moment, Exc, which 
appears in (20), is (per unit cell): 

Exc = Exc[o] = 4r Jd 3 rAE X C (q ( r ) ) 

= Q0AE™(g)\g = 0, (30a) 
AE™{g(r)) 
= Q(r)[E*He(r)) - ^ « ( e W ) ] . (30b) 

Here Exc (Q (r)) is the density of the exchange-corre-
lation energy; Wxc (p (r)) is the exchange-correlation 
potential which an electron "feels", and AEXC (g) is 
the Fourier transform of AE™(o(r)) (30b). 

TFxc(e(r)) is defined as 

l V x c ( e ( r ) ) = — A — £ x c [ e ] 
ÖQ(r) 

(31) 

0.458 

rs (Q) 
(32) 

Here Ec (q) is a correlation energy. We shall con-
sider the forms suggested by Nozieres and Pines 
[24]: 

(o) = _ 0.05750 + 0.01550 In (rB (g)), (33) 

where 
/ 3 yi3 

,-1/3 (34) 

Using (34), one has 

E™{q) = - 0.73829 £1 / 3 - 0.064901 
- 0.01550 In gi/3, (35a) 

1FXC((?) = E™{q) - 0.24610 £1 / 3 

- 0 . 0 0 5 1 6 7 , (35 b) 

AEXC (q) = 0.24610 ?
4 / 3 + 0.005167 Q . (35c) 

Since in our theory g(r) is expressed through its 
Fourier-transforms, (25), it would be convenient to 
Fourier-transform eqs. (35) as well. This happens 
to be possible if one uses Chebyshev polynomial 
approximations for the functions (35) *. 

Let be 

e = e ( i + <5), 
D = (Q — Q)IQ , Q = Z/DO • 

Then, for - 0 . 4 ^ ( 3 ^ 4 . 0 , 
4 0.458 

i f x c ( e ) = 
ra 

{Ao + Axd + A2ö2), (36a) 

Z 1 0.458 
AE™(Q) (B0 + B1Ö + B2Ö2), ( 3 6 b ) 

&*o o rs 

where 
A0 = 0.99287 + 0.09040 rs 

- 0.00938 r2 - 0.00052 r8
3, 

A1 = 0.30490 + 0.00751 ra, 
A2 = - 0.03132 - 0.00100 r s , (37) 
B0 = 1.03270 + 0.03385 r s , 
BY = 1.38729 + 0.03385 r8 , B2 = 0.12496. 

Here ra = r3(ö) of (34) is an average interelectronic 
distance. The precision of the approximations is 
the following: 

* A Chebyshev polynomial approximation for o(r)4/3 

was recently used by Wendel and Martin [25] for calcu-
lating structural properties of covalent semi-conductors. 
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For 1 5Srs the maximum errors are respectively 2.5% and 1.5% for the functions (36a) and (36b). 
Fourier-transforming (36a, b) one obtains: 

Ao+ (•§-) *A2Z'\Q(g')\2; g = o, 
° (38 a) W x c { g ) = 

and, for g = 0 

4 0.458 e' 

AE*c(g = 0) = -

Z 
Qo 

1 0.458 f t Z 
(38b) 

Now, that Wxc(g) is known, the total screening matrix element, JFscr(g), from (27) and (28) reads: 

^scr ig) = ^ T {[! - / (9)] Q(g) + <P (9) 'Q(g'-g)Q*(g')), (39) 

where 

(39) reminds of the traditional pseudopotential 
theory. There g(g) is linear in W(g), therefore the 
second term in (39) is omitted. Function f(g), which 
allows for an exchange-correlation contribution to 
the screening, is in a sense a model one. Various 
approximate expressions for f(q) have been sug-
gested beginning with the pioneering wrork by Hub-
bard [26] (see, e.g. [1], Chapter II). Usually the 
requirement is imposed that at q-> 0 f(q) should 
satisfy the so-called compressibility sum rule. 
Being successively used in the pseudo-potential 
theory, DFF automatically satisfies this require-
ment [27], the corresponding f(q) being propor-
tional to (q/2kp)2. At the same time, the DFF ex-
pression, (30 a), for slowly varying density is 
actually only the first term in the gradient ex-
pansion of an exact exchange-correlation func-
tional. Therefore, in terms of DFF, the numerous 
attempts of incorporating local field corrections 
via / (q) are just the attempts of allowing for some 
higher order terms of the gradient expansion of 
Exdel 

Returning to (39) one sees that now, in the case 
when g(g) is not linear in W(g), j{g) is still qua-
dratic in (g/2kp) . The compressibility sum rule is 
also fulfilled: 

3Ai = 0.91470 + 0.02253 rs 

which almost coincides with the exact q - + 0 limit: 
1 +0.0254r s (see, e.g. [1]), the deviations resulting 
from the approximation, eq. (36a). At the same 

(39a, b) 

time, again a (g/2 &,p)2-dependence reminds us that 
we deal only with the first term in the gradient 
expansion. 

It is not quite justified, however, to substitute 
f(g), (39a), by one of the known expressions, e.g. 
by the function suggested by Vashishta and Singwi 
[28]. The reason is that in all the theories of local 
field correction the "external" field is considered as 
a weak one. This is not the case in the present 
theory. 

One could, in principle, add gradient-dependent 
terms to E™, (30a) [21 -23 , 29, 30]. Then the first 
correction to JFxc(g(r)) would be: 

1 ( dcr<2) (o) , ] 
A i f x c (e) = - - |V<?|2 + g™ (6) Ag j , 

where <7(2)({?) = ß(rs){?-4/3; ß{r8) is a coefficient. 
Inclusion of such a term would drastically com-
plicate the calculations. On the other hand, the 
coefficient ß{rs) is not reliable enough. 

Another option would be to use an interpolation 
procedure of the kind suggested for pseudopoten-
tials by Shaw and Pynn [31]. We shall be con-
sidering both f{g) and cp(g) of (39a, b) as long-wave-
length limits of more general functions: 

(39 c) 

f(9) = 

<p(g) = 

1 + 2 • 3 1 (g/2 kp)2 exp { — a/{g/2 kp)2} ' 

SA2(gl2kF)2 

1 + 4 • 3 | A21 (<7/2 kp)2 exp { - a/(<7/2M2}' 
(39d) 
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The factor a in the exponentials should keep the 
functions (39 c, d) almost unchanged up to gJ2 kp = 
0.75-f-1 (see [27]) and then provide for arriving at 
reasonable short-wave-lengths limits, respectively 
1 /2 and 1 /4, due to the factors 2 and 4 in the de-
nominators. This is achieved if a ^ 2 . 5 . 

Now the screening field is totally defined. 
It is also worth mentioning an important fact. 

As we see, in general, the screening is not linear. 
However, for some g's, if W (g)^ W(g), and the 
requirement (1) is fulfilled, the nonlinear contri-
butions to the screening are unimportant, and one 
may introduce a microscopic dielectric function, 

W(g)= W°(g)le*(g), (29c) 

= 1 - 7 T ^ C 2 d - f ( 9 ) ) x ( 9 ) (29 d) uo g 

{%{g) is defined by (29b)). The expression for e*{g) 
is almost the same as the one in the traditional 
pseudopotential theory. The difference is that now 
an additional factor C2 enters, which, from the 
physical point of view, means that AZ transferred 
electrons, (24), do not participate even in a linear 
screening. In a sense they are "localized" (c.f. 
bonding charges in semiconductors with diamond-
type lattice). 

Let us consider now the direct exchange-correla-
tion contribution Exc to the energy, (30). We 
should consider it together with the term ZW (g = 0) 
— formally the first order contribution. Making use 
of (26), (27) and (38a, b), one obtains: 

0.458 
£ W (g = 0) + Exc = Enc + Z 

4 1 
- 3 ^ 0 + 3 * 0 + 

4 1 
" 3 ^ + 3 

B< 

Here 

Enc == Z lim 
g-> o 

W o{g) 

Z 

I'\Q(9')\2 

a' 

4 nZ 

Oo <7* 

(40) 

(41) 

is exactly the same term that appears as a first-
order contribution in the traditional pseudo-
potential theory. It is characteristic of a "non-
coulombic" pseudopotential interaction with the 
uniform electron background. 

When Q (g) is linear in W (g) (nearly free electron 
gas), the second term in brackets is exactly com-

pensated by the contribution from JFxc(g) in the 
band structure energy [27]. Consequently, the first 
term 

4 1 
- j A o + j * 

is just an approximation of the exchange-correlation 
energy, Exc of a homogeneous electron gas, (32), 
with q=Z/Qo and r8(p) =rs. 

Now we may introduce a new definition of 
exchange-correlation energy: 

Exc — JE'xc + ÄEX C , (42) 

Ql 0.458 
Z (43) 

A Exc = 

Finally, the total energy (20), reads: 

E = EQ + EJXC + Exe + Ec — Ee\ + Ees. (44) 

6. The Procedure of the Selfconsistent Calculations 

Now that all the contributions to the total 
energy have been specified (Eqs. (44), (43), (41), 
(20a—c), (21)), and the formally closed sets of equa-
tions both for W{g), Eq. (11), and for JFscr(g), 
Eqs. (27), (38), with the energy spectra, Ek, defined 
within the single-band-gap model, Eqs. (16a), 
(17a), we may discuss in more detail the procedure 
of gathering all the components of the theory 
together. 

The analysis begins with calculating "bare" 
pseudopotential matrix elements, W°(g). Of course, 
we have first to chose a potential or pseudopoten-
tial. In our case it should be local. 

Having calculated W°(gYs for some, e.g., 20—30 
first reciprocal lattice shells we can "sort out" the 
g's in the sense, that we subdivide them into 3 
groups: 

1. W° (g)'s are large (the requirement (2) is not 
fulfilled); we shall denote the set of such wave 
vectors as 

2. W° (g)'s are small, and even exactly equal to 
zero (according to symmetry requirements), but 
the corresponding g's are such that for some 
g' e {g} the wave vectors g—g' also belong to {g}. 
For such g's the matrix elements are expected to 
be appreciably changed due to Equations (11). 
We shall denote this set of wavevectors as {go}-
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3. All the other reciprocal lattice vectors, for which 
the requirement (1) is fulfilled. 

The second step is an analysis of the Brillouin 
zone (BZ) succession in order to state whether the 
system of interest has JZ with FS vanishing on its 
faces, or there are some overlapping bands resulting 
in a "free" FS. Of course, such an analysis may be 
only tentative. For example, if one finds a set of 
BZ planes enclosing the area just necessary and 
sufficient to accomodate all the electrons of the 
system, then this may possibly be the JZ. If the 
matrix elements, corresponding to that g's are 
"strong", then the JZ most probably arises. It can 
arise even if lF°(g)'s are very weak or even equal 
to zero (the diamond lattice case), but in this case 
information on W(g) is needed, since these are 
W (g)'s that define the energy gaps. The situation is 
still more complicated if there exist some "com-
peting" BZ faces with "stronger" matrix elements, 
intersecting the ones of interest and forming to-
gether with some of these faces (or without) 
another polyhedron but of larger volume. In the 
latter case some overlapping may arise resulting in 
a free FS. In any case the situation may be cleared 
after a few iterations, or even possibly one (see 
below). 

Let the analysis have stated that the JZ exists, 
{gjz} being the set of the reciprocal lattice vectors, 
corresponding to the JZ faces. The whole calcula-
tion will proceed by iterations. We begin with "0-
approximation" and put all the IF(g)'s equal to 
their free electron values, (29c, d), with C2 = 1. 
Now we can calculate J^(g)'s. For the set {g} we 
solve the set of simultaneous equations (11). In 
this set: 

Both {g'} and {g-g'} 
belong to {g}. (45) 

The W(gYs having been found, we determine 
WigoY* by means of eqs. (11), which now serve as 
equalities. The wave vectors appearing in the 
right-hand side sum must also satisfy the require-
ment (45). For all the other wave vectors g, apart 
from {g} and {go}, W(g) = W(g). Function F(g), 
which depends on W{g), are also calculated for 
W (g) = W (g) in the first iteration. 

Now when TF(g)'s are known, we calculate the 
normalization constant C2, (23) (function &(g, g) 
depends on W), the screening matrix elements, 

W*<»(g), (38), (35d) (always keeping in mind 
condition (45)), and finally, the screened matrix 
elements W (g)'s, see (26). 

Then the whole iteration process is repeated. 
After a convergence is achieved (it may be con-
trolled, say, by comparing the successive values of 
C2), the values of W {g), W{g), g(g) are known and 
the final calculation of energy, (44), is straight-
forward. 

Before going over to the determination of the 
functions F{g), <P{g,g') and 0{g,g) it is worth 
noting, that in all the integrations over the occupied 
fc-states we allow for the energy gaps explicitly. 
Even for the "weak" matrix elements the com-
putational procedure with the integrals calculated 
in the sense of principal values is less convenient 
than allowing for the gaps through the function F. 

7. Determination of the Functions F(g) and O (g,g') 

In order to determine the functions F(g), Eq. 
(12), and &{g, g'), Eq. (14), one has to be able to 
evaluate the corresponding integrals with the 
single-band model function Ek, Eq. (17a). The 
integrations both in (12) and (13) have to be per-
formed within either a true FS or a JZ. 

The problem of the integration within the true 
(non-spherical) FS is a very complicated one. The 
integral of the type of the one of (12) has been 
evaluated by Williams and Weaire [32]. As for the 
more complicated integral (13), it has not been 
calculated, and the question is still open. Of course, 
as an approximate procedure, the integration 
within the Fermi sphere with the contributions of 
the states in the vicinities of all the Bragg planes 
included "precisely" might be suggested. Rather 
we shall focus on the case when a JZ will exist. 

In this case the calculation of the integrals may 
be essentially simplified. For this purpose we 
introduce the following mathematical approxi-
mation : 

(aa + V2)i/2 ag | a | + i | , • (46) 1 ' 2 |a | -f |v\ 
|v | 3 1 v4 

+ ( M + M ) 2 ~ 2" ( |a | + M ) 3 ' 

The derivation of this approximation may be 
found in Appendix 1. Here we only note that for 
all possible values of a and v the error is less than 
1.65% (this is the error at a = v). Eq. (46) is also 
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exact for a = 0 or v = 0, and for v/a <11 and ajv < 1 
gives the correct second order results. 

Making use of Eq. (16a), (17a) and approxima-
tion eq. (46), one gets 

1 E t - E ° k 

E i - E » g - k
= |TF(g)|* ( 4 7 ) 

= ± 
1 

±\W(g)\ 
" (\E°k-E0

g_k\+2\W(g)\)2 

4|TF(g)|2 
(\E°k-EQ

g_k\+2\W(g)\)3 

Here again ( + ) refers to the states above the Bragg 
plane and (—) to the ones below. 

The integrals, defining the functions F(g) and 
0(g, g) are evaluated in Appendix 2. 

First, the integral 

Qo f 1 1 (12a) 
(2jr)3 d3 k 

JZ 
E£-E°g_k 

is evaluated and a function 

is introduced; here £ = 2 k p j g , ß = 41W (g ) | /g 2 , and 
the values of £i and £2 depend on the area of 
integration. 

There may be three different cases in evaluating 
the integral (12a). They are shown in Figure A l . 

Case a: The Bragg plane, corresponding to g 
lies within the JZ. The integration is performed 
within the sphere of radius kp, but the states below 
and above the plane are accounted for separately. 
Then 

• {S((, - ( , 1, ß) + S ( f , l , f , -/?)}. 

Here the first and second terms correspond to the 
contributions of the states below and above the 
plane respectively. 

Case b: The Bragg plane is one of the JZ faces. 
As is seen from Fig. A1, the integration is performed 
within the truncated sphere, the total volume of 
the integration area being (4/3)?r&|.. The radius of 
the sphere, ret, (in units of (2kp)~1) satiesfies the 
equation 

4rf f£3 + 3 r 2
f £ 2 _ £ = 0 . (49) 

Then, the reciprocal radius, Cef = 1 /f ef and 
3 

F ( C ) = 
(2 kF)2C S(C,-£e f , M ) . (48b) 

Case c: The Bragg plane lies outside the JZ. The 
integration is performed within the sphere of radius 
kp and 

n a i f « » ' - « ' « - < 4 8 c ) 

The function 0(g, g), appearing in (23) for the 
normalization constant C2 is expressed by means 
of the function 

P(t,t i,h,ß) 
in a similar way: 

Case a: 

&(g,g) = $(0 = 
6C 

( 2 M 4 ( 5 0 a ) 

Case b \ 
6C 

(2 kp)A 

Case c: 

0(0 = 
6C 

P(C,-Zet,i,ß). (50b) 

P ( t , ( 5 0 c ) 
(2 kF)* 

In order to determine the function 0(g,g'), (14), 
appearing in the definition of the electron density, 
(22), (25d), the function 

is introduced, where 1 = 2kpjg', ß = ±\W(g')|/g'2, 
y = |gr|/|gr'|, a = cos(g^g') and £1 and £2 have the 
same meaning as above. Now: 

Case a: 
6C 

&(g-g',g') = (51a) 
(2 kF)*y 

'{Q(C,-t,l,ß,y,*) + Q(C,l,Z,- ß, y, OL)}. 

Case b : 
6C 

&(g-g',g) = 

Case c : 

®(g~g',g) = 

(2 kF)*y 

Q(C,-Cet,l,ß, 7, a) 

6C 

(51b) 

(2kp)*y 

Q(C,-C,C,ß,V, a). (51c) 
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8. Concluding Remarks 

The aim of the present paper has been to develop 
an approach which allows to calculate the binding 
energy and electron distribution for non-metallic 
crystals. Now that the procedure of the calculations 
is totally described it is worth summarizing the 
main issues of the approach. 

Instead of applying some higher orders of the 
Schrödinger perturbation theory we solve the non-
linear equations for the effective matrix elements 
W(g). The problem is rather simple, unless the 
number of "strong" matrix elements, which need 
to be treated "precisely", is too large. Some "wreak" 
matrix elements are also being "renormalized" due 
to the "indirect" scattering of electrons. The im-
mediate result of the strong electron-ion interaction 
is the charge transfer: electronic spatial non-
homogeneities arise of the type that result in the 
bonding charge formation in semiconducting crys-
tals. Of course, the screening of the lattice potential 
is not linear any more, and not all electrons effec-
tively participate in the screening. 

In principle, the present theory allows to con-
sider crystals with different types of bonding: 
purely metallic, covalent, and perhaps even ionic. 
In the latter case some of the potential (or pseudo-
potential) matrix elements are complex, but the 
theory takes this fact into account in a natural way. 

Of course, the approach suggested is not free of 
some shortcomings. These have been pointed out 
above. Some of the approximations may be con-
trolled only in the course of concrete numerical cal-
culations; for the others, the only criterion is a 
comparison with experimental data (and this is 
always the case with a pseudopotential pie: one 
should taste it first). 

The calculations on magnesium hydride, MgH<2, 
to be presented in Part II of the paper, seem to be 
promising. We believe that the approach may be 
successfully used in analysing bonding and stability 
of complex crystal lattices. 
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Appendix 1 

The Approximation of the Square Root Function 

By means of an identity transformation one gets 

(a2 +„2)1/2 = [ ( | a | + | v|)2 — 2 | a | | v|]1/2. (A. 1) 

Now keeping the terms of the second order in 
21 a | | v|/(|a | + | v | )2 one obtains: 

(a2 + v2)1/2^\a\ -f |v| — 
a W 

a + \v\ 
1 2 4)2 a*v 
2 ( | a | + M ) 8 

^ M 3 

(A.2a) 

= a 2 |a | + |v | 
1 v4 

2" ( |a | + M)3~-

(\a\ + \v\)2 

(A.2b) 

(A.2) is seen to be precise in the limiting cases of 
either a — 0 or v — 0. The latter is important, since 
being applied to the single-band-gap model, a — 0 
means the states right on a Bragg plane. If v/a 1, 
then the correct second order contribution results 
from (A.2). The same applies to the case 
ajv 1, since a and v enter (A. 1) and the series 
(A. 2 a) symmetrically. 

As for the "intermediate" cases, a ^ v , the 
approximation (A.2) happens to be surprisingly 
precise: the greatest relative error of 1.65% arises 
at a = v, being less in all other cases. 

Appendix 2 

Evaluation of the Integrals over the Occupied Electron 
States 

We begin with the integr al (12): 

1 _ 1 
F(g) = irw I ZN t Ek-K-x 

2Q 0 d3fc 
Z(2tt)3 J Ek-E°g_k 

(A3) 

Making use of (47) one sees that three different inte-
grals have to be evaluated: 

1 
(A.4a) d 3fc 

d3k 

\\g2-2{kg)\+2\W{g)\ ' 

1 
ti\g2-2(kg)\+2\mg)W 

, (A.4b) 
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d 3fc (A. 4 c) 

We are considering the case when the integrations 
are performed within a JZ, i.e. a polyhedron, which 
we approximate by a truncated sphere. Then three 
different situations are possible (see Figure Al ) . 

If one chooses the &z-axis in the direction of the 
reciprocal lattice vector g', then the integrands 
(A.4), depend only on kz, and the integrals are 
easily evaluated. 

Let us consider first the integration over the 
states below the Bragg plane. Then 

|E°k - E°g_k| = \[g2 -2(kg)] (A.5a) 

and the integral (A.4a) reads: 
Cl 

71 f &z (£2 — z2) 
g 

l cu:(C' 

J z + ß 
(A. 6) 

Here we introduced the new variable, z = 2kpjg 
and the parameters: £ = 2 kp/g and ß — 41 W (g) \ Ig2. 
The limits of the integration are written in a general 
form. When integrating below the Bragg plane, 
C i = ~ C (k2=-kF) and C 2 = l (kz = gl2). The 
integral (A. 6) is easily evaluated. Now, one sees 
that the two other integrals, (A. 4b) and (A. 4 c) 
may be expressed as partial derivatives of (A. 6) 
with respect to ß. 

Finally, one may introduce the function, allowing for the contributions to the integral (A.3) due to the 
states below the Bragg plane: 

S(C, Ci,C2,ß) = Ji + 2ß Jo - ß 2 J 3 , (A.7) 

Ji = j[C2~( l + / ? ) 2 ] l n 
1 + ß — Ci 
l + ß - u 

(A.7a) 

J2 = (l+ß)ln 
i+ß-Ci 

J3= — — In 

l+ß~C2 

l + ß-Ci 

1 

1 +ß-t2 

- j [C2 - (1 + ß)2]l(i + ß - Cl)-1 - (1 + ß - C2)-1] + J (Cl - Ca), 
(A.7b) 

- j [ C 2 - ( i + OT[(i + £ 

- (l + ß)[(i + ß - Ci)-2 - ( l + ß- C2)-2] 

Ci)-2 - (1 + ß - C2)-2] 

here J 2 = " ^ J i ; 
1 Ö 

j 3 = = ~ ~ 2 ~ ä ß j 2 
Now the integrand is 

[ 1 
For the integrations over the states above the Bragg 
plane: 

= (A.5b) 

and the contribution is expressed by the function 
— £(C, Ci>C2, — ß), 

where now Ci = 1 (kz = g/2) and C2 = C (kz = kp). The 
final results for the three cases a, b and c of Fig. A1 
are presented in (48 a), (48 b) and (48 c). 

The determination of the function 

_ 1 v 1 

0 ~ ZN r (Ek - fi°k_g)2 

\\g2-2{kg)\+2\w{g)\ 

±\W(g)\ 
lh\g2-2(kg)\+2\W(g)\]2 

4\W(g) I2 

ti\g2-2(kg)\+2\W(g)\]S 

2 D0 

Z ( 2 n f J (Ek 
JZ 

d 3 * 

K-u)2 (A. 8) 

(A. 7 c) 

which enters the expression for the normalization 
constant (23), is also reduced to the derivatives of 
the integral (A. 6) with respect to ß. 

Fig. A l . Three cases of relative situation of the JZ and a 
Bragg plane, a) The plane intersects the JZ. b) The plane 
is just a face of a JZ. The truncated sphere has the equi-
valent volume with the radius satisfying Equation (49). 
c) The plane is outside the JZ. 
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and the following function may be introduced: 

P(C, = + + 2/S2J4 - 4£3 J 5 + ß* j 6 , (A.9) 

where J% and J3 are given by (A. 7 b) and (A. 7 c) and 

= m + ß- C1)-1 - k i + ß- C2)-1] - i a + ß)[(i + ß- C1)-2 - ( i + ß- C2)-2] 

- HC2 - (1 + OT[(1 + ß - C1)-3 - (1 + ß - C2)-3] (A. 9a) 

J5 = H U + ß - C1)-2 - ( l + ß- C2)-2] - i ( l + ß)[(i + ß- C1)-3 - (1 + ß - C2)-3] 
- itc2 - (i + ßma + ß-C1)-4 - a + ß - C2)-4] (A.9b) 

j« = m + ß - C1)-3 - ( i + ß - C2)-3] - j a + ß) [(i + ß - C1)-4 - { i + ß- C2)-4] 

- rott2 - (1 + OT[(1 + ß- £i)-5 - (1 + ß - C2)-5]. (A.9c) 

When integrating above the Bragg plane, the function 

P(t,Ci,h,-ß> 
enters, with £1 == 1 and £2 = £• The final results for the three cases a, b and c are presented in (50a, b, c). 
The evaluation of the function 0(g, g) which enters the expressions for the electron density (22), (25d) 
is more sophisticated. The function that is actually used in the calculations is 

1 V 1 
0 { g ~ g'' S ' ) = M t (Ek - E°g_g._k) [Eu - E°g._k) 

2 Do f d*k 
(A. 10) / Z{2jtf J (Ek-E°g_g^k)(Ek-E°g._k)-

J Z 

Since this function enters the sum over g' (25d), one may identically write: 

4 Do f d 3& 
g'.g')- Z{2n)3 j {E°g._k-E°g_g,_kHEk-E°g._k) • ( A J 1 ) 

J Z 

Making use of the approximation (47), one again obtains the integrals of three types. The simplest one 
reads 

_ 9 f d3fc 

J Z 

(for convencience we introduced the factor g/n). 
In the terms of cylindrical coordinates (Fig. A 2) 

*2 (Jfcm-fca»)1'» 

Jl = — 4 — J d kz J ke d ke J d 9? g2 + 2 g (kz cos Q + kQ sin d cos <p — g' cos 6) 
0 

\g'2-2g'kz\ +±\W(g')\ 

(here k\ and are the integration limits in kz direction and km is the radius of the truncated sphere to be 
integrated over). 

Let us first consider the integration over the states below the Bragg plane, corresponding to the recip-
rocal lattice vector g' (g'2 — 2kg ' ^ 0 ) . Introducing new variables one has: 

[Ca —(1 + /S—z)1]1" 7f 

= f QdQ fd<P Ö + (1 + ß)cos6 - zcosO + Qsmdcoscp ' (A'13) 
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where 

y = 9lg'; d = y — 2cos 0; ß = 4 | W(g')\lg'* 
g = 2kelg'; z = 1 + ß - 2kzjg'Z = 2km\g'\ 

zi = l+ß-Ci', z2 = l + ß-£2 

(here the limits of integration Ci and £2 are written 
in a general form; when integrating below the Bragg 
plane £1 = — £ and £2 = 1). 

The integral over cp was evaluated in the complex 
plane and reads: 

/ d<p 2n 
A B COS (p 5 2 |)L/2 

(A. 14) 
Fig. A2. The coordinate system for evaluating integrals. 
Explanations in the text. 

j 1 _ u 
sin2 0 I [ö + (1 + ß) cos 0] In 

h(z) = 

+ COS 0 (Zi — z2) 

[|/(22)|F2 + [|/(«l) IF2 + a[hfo) - /l(«l)] + J [h(Z2) - h{zl)]j 

2a + bz + 2[a\f(z)\]U2 

1 
arc tg 

2 a + bz 
( _ a ) i / 2 2 [ - a | / ( 2 ) | F 2 

2 [ j / ( z ) [ F 2 

5z 

J2(z) = l n | 2 [ | / ( z ) | F 2 + 2z + 

If sin 0 = 0 ( c o s 0 = ± l ) , 

cos 0 

a > 0 

a < 0 

a = 0 

J i 
0 + U+ ß)] 

p - a + O T i n 

- (£2 — <52) In 

Z2 
21 

+ [ö + (l+ß)](z2-Zl) 

<5 + (1 + ß) - 22 

«5 + (1 + ß) ~ 21 
where ö = ö cos 0. 

The integral of the second type after the steps analogous to (A. 14) and (A. 15) reads: 
ZA 

= / ^ - v + v + ß + ^ ^ o - i u w 2 } 

(A. 15) 

(Case A > B see, e.g. [33] eq. (2.553.3); in case A < B the principle value of the integral was evaluated.) 
After an easy integration over q one obtains: 

Zt 

J l = ~^d J v - { < 5 + ( 1 + / 5 + 2 ) c o s 0 _ [ , / ( 2 ) i ] 1 / 2 } ; 

Zl 

f(z) = a + bz + z2, a = [<5 + (1 + ß) cos 0]2 - [£2 - (1 -f ß)2] sin2 0 , 
b = - 2[<5 + (1 + ß) cos 0] cos 0 - 2(1 + ß) sin2 0. 

Further integration is straightforward (see [33], Eqs. (2.267.1), (2.266), (2.261)) and one gets 

22 

(A. 16) 

(A. 16a) 

(A. 16b) 

(A. 17) 

(A. 18) 
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and is equal to (see [33], Eqs. (2.267.2), (2.261), (2.266)): 

J2 sm^ 
1 - [<5 + ( 1 + j S ) c o s 0 ] ( — - — } - e o s 0 1 n 

\ 22 Z\ 

22 
21 

[ | / M F 2 [ | / (2i) | ] 1/2 

21 + J lh(Z2) - h(Zl)] + UM - /2(2l) 

If sin 0 = 0, 

J2 = -
1 

d + (l+ß) 

J2 = cos 0^2(1 + ß) In 

(J1 + J2), 

22 
21 

[ C 2 _ ( 1 + OT(J__J_ 
z2 2i — 22 + 21 

The integral of the third type: 
z% 

ZL 

is evaluated in the same manner ([33], Eqs. (2.267.3), (2.266)) and reads: 

Js 
1 

"sinsT 
1 

- ^ [ < 5 + ( 1 + 0 ) cos 0 ] H r - j r +COS0 — -
1 

22 21 

+ i 
4 a Z2 [ | / ( 2 2 ) | F 2 -\2zl 

£ - y | ( / l ( 2 2 ) - / l ( 2 l ) ) 

1 
2 zf + 4az± [ | / ( 2 l ) | F 2 

For sin 0 = 0: 

Ja 
ö + 1+ß 

(J2 + J3), 

1 22 {—In 22 
12 21 + (l+ß) 22 

(A. 19) 

(A. 19a) 

(A. 20) 

(A.21) 

(A.21a) 

Finally, for the integral over the states below the Bragg plane the following function may be introduced 
(a = cos 0) 

Q (C, Ci, C2, ß, y, a) = J i + 2 ß J2 - ß2 J3. (A. 22) 

Here, as for the functions P and S, Ci = — C and £2 = 1- For the integration over the states above the 
plane, the function (A.22) should be substituted for 

-Q(C, Ci,C2 , - ß , y , a), 

where now C i = l and = The final results for the three cases a, b and c are presented in Sect. 7, 
(51a—c). 
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